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Abstract 

We investigate selection principles which are motivated by ArhangePskii's 
c^-properties, i = 1,2,3,4, and their relations with classical selection 
principles. It will be shown that they are closely related to the selection 
principle Si and often are equivalent to it. 
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1 Introduction 

In this paper we use the usual topological notation and terminology jS] and 
consider infinite Hausdorff spaces. 

Let us fix some more notation and terminology regarding selection prin- 
ciples and families of open covers of a topological space which are necessary 
for this exposition. For more information in connection with selection prin- 
ciples we refer the interested reader to the survey papers JHj, EU 

Let A and B be collections of sets of an infinite set X. 

The symbol S\(A,B) denotes the selection principle: 

For each sequence (A n : n E N) of elements of A there is a 
sequence (b n : n G N) such that b n G A n for each n G N and 
{b n : n 6 N} is an element of B. 
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When both A and B are the collection O of open covers of a space X, 
then Si(0,0) defines the classical Rothberger covering property (see |16j). 

There is an infinite game, denoted Gi(A,B), corresponding to S±(A,B). 
Two players, ONE and TWO, play a round for each natural number n. In the 
n-th round ONE chooses a set A n G A and TWO responds by an element b n 
from A n . A play A\, br, ■ ■ ■ ; A n , b n ; ■ ■ ■ is won by TWO if {b n : n G N} G B; 
otherwise, ONE wins. 

It is easy to see that if ONE does not have a winning strategy in the 
game Gi(.A, B), then the corresponding selection hypothesis Si (.4, B) is true. 
However, the converse implication is not always true. 

We introduce now new selection principles. The motivation for these 
definitions is the Arhangel'skii definition of c^-properties, i = 1,2,3,4, in- 
troduced in p. A and B are as above. 

Definition 1 The symbol oti{A, B), i = 1,2,3,4, denotes the following se- 
lection hypothesis: 

For each sequence (A n : n G N) of infinite elements of A there is 
an element B G B such that: 

ai(A, B): for each n G N the set A n \ B is finite; 

a.2(A, B): for each n G N the set A n n B is infinite; 

a^(A, B): for infinitely many n G N the set A n n B is infinite; 

«4(^4, B): for infinitely many n G N the set A n nB is nonempty. 

Evidently, if all members of A are infinite, then 

at(A,B) a 2 (A,B) => a 3 (A,B) => a 4 {A,B) 

and 

S 1 (A,B)^a i (A,B). 

However, if A contains finite members, then ai(A, B) does not not imply 
a 2 {A,B), while a 3 {A,B) fails (see |53p. 

If for a space X and a point i £ I, Sj denotes the family of nontrivial 
sequences in X that converge to x, then X has the Arhangel'skii ctj-property, 
i = 1,2, 3, 4, if for each i£l the property aj(S x , i = 1, 2, 3, 4, holds. 

It is known that the four properties aj(S x ,S x ) are different from each 
other pQ, ^1] and that the same holds in topological groups HOJ, [T^l- How- 
ever, it was shown in |18j that in function spaces C P (X) and in some hy- 
perspaces [Zj the properties a 2 , a 3 and c*4 are equivalent to each other and 
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to the corresponding Si property. We shall see here that for some classes 
A and B the properties ct2(A,B), as(A,B) and a^(A,B) are closely related 
(and often equivalent) to Si(A,B). 

Let X be a topological space, x £ X, A C X. Then we use the following 
notation. 

• O: the collection of open covers of X; 

• f2: the collection of cj-covers of X; 

• JC: the collection of /c-covers of X; 

• T: the collection of 7-covers; 

• r^: the collection of 7fc-covers; 

• fi x : the set {A C X \ {x} : x € A}; 

• Y, x : the set of all nontrivial sequences in X that converge to x. 

An open cover U of a space X is called an to-cover (a k-cover) if every 
finite (compact) subset of X is contained in a member of U and X is not a 
member of U (i.e. we consider non-trivial covers). 

An open cover U of X is said to be a j-cover ('y^-cover) if it is infinite, 
and for each finite (compact) subset A of X the set {U £ U : A <^ U} is 
finite. 

Observe that each infinite subset of a 7-cover (7fc-cover) is still a 7-cover 
(7&-cover). So, we may suppose that such covers are countable. Each finite 
(compact) subset of an infinite (non-compact) space belongs to infinitely 
many elements of an cj-cover (A;-cover) of the space. 

Recall that a space X is said to be u-Lindeldf (k-Lindeldf) if every 
w-cover (/c-cover) of X contains a countable w-cover (/c-cover). 

2 General results 

In this section we discuss covering and closure- type properties ai(A, B), 
i = 2,3, 4, in topological spaces and identify some classes A and B for which 
these properties are equivalent to Si(A,B). 

We have already mentioned that every space X satisfying the Rothberger 
covering property Si(0,0) satisfies also a^iO^O). The real line M satisfies 
all the properties a.i(0, O), i = 2, 3,4, but R does not have the Rothberger 
property. 

However, we have the following result. 
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Theorem 2 For an lo -Lindeldf space X the following are equivalent: 

(1) X satisfies a.2(Q,T); 

(2) X satisfies a^(Q, T); 

(3) X satisfies a4,(Q,F); 

(4) X satisfies S x (0,r). 

Proof. (3) => (4): Let (U n ■ n G N) be a sequence of w-covers of X. Assume 
that for each n G N we have ZY n = {U n ^ m : m G N}. For every n G N define 

V n = {C/i, mi n- • -nC/n,^ : n < m 1 < m 2 < ■ ■ ■ < m n , U i>mi eU i: i< n}\{0}. 

Then each V n is an w-cover of X. By (3) and the fact that each infinite subset 
of a 7-cover is also a 7-cover, there is an increasing sequence n\ < ri2 < ■ • ■ 
in N and a 7-cover V = {V ni '■ i G N} such that for each i G N, V ni G V ni . 
Let for each i G N, 

= Ui >mi n — n u numn . , Uj^ m . g ZYj, j < nj. 

Put no = 0. For each i > and each n with rii < n < n^+i let be the 
n-th coordinate in the chosen representation of V ni+1 : 

H n = U n ^ mn . +i . 

For each n G N, H n G £/ n and the set TL := {H n : n G N} is a 7-cover of X 
because V is a refinement of TL, and X £ TL. Therefore, X satisfies Si (Q, T). 

(4) =^ (1): Let (U n : n G N) be a sequence of w-covers of X and let for 
each n G N, U n = {U n ^ m : m G N}. We shall use the fact that Si(0,r) is 
equivalent to ONE has no winning strategy in the game Gi(f2, T) on X [17\ . 
Define the following strategy a for ONE. ONE's first move is o"(0) = U\. 
Assuming that the set Ui >rrHi G U\ is TWO's response, ONE plays cx(f/i jmii ) 
to be V(l, rrj,^ 1 ) = {U\^ m : m > m^}, still an w-cover of X. If TWO now 
chooses a set U 1>mi2 G "^(1,77%), ONE plays a(U 1)mii , £/i,m i2 ) = V(l,m i2 ) = 
{Ui jT n '■ m > m^} which is still an w-cover of X. Then TWO chooses a set 
Ui,m l3 G cr(Ui >rrHi , £7i jm<2 ). And so on. 

[Note: For each n G N and each U n moves of ONE form a new sequence 
of ii>covers and ensure that from each U n TWO chooses infinitely many 
elements.] 
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Since o~ is not a winning strategy for ONE, consider a a-play 
c(0), Ui im , h ; 0-(Ui irn , h ), f7l,m i2 5 ^(^l.m^ , ^l,m i2 ), ^l,m i3 J " " " 

lost by ONE. That means that the sequence W consisting of TWO's moves 
is a 7-cover of X. As it contains infinitely many elements from each U n , 
n € N, W witnesses for the sequence {U n : n G N) that X has property 
a 2 (n,T). □ 

Similarly to the proof of Theorem |21 we can prove the following two 
theorems. For that we use: 

(i) X satisfies Si(/C, T) iff ONE has no winning strategy in the game 
Gi(/C,r) on X (see 0). 

(ii) X satisfies Si(JC,Tk) iff ONE has no winning strategy in the game 
Gi(£,r fc ) on X (see Q2|). 

Theorem 3 For a k-Lindeldf non- compact space X , the properties ct2(tC,T), 
as(fC, T), ct^QC, T) and Si(/C, T) are equivalent. 

Theorem 4 For a k-Lindeldf non- compact space X , the properties a2(/C, Tfe), 
a3(/C, Tfc), «4(/C, Tfc) and Si(/C, T^) are equivalent. 

We also have the following results. 

Theorem 5 For a space X and B £ {T,Tk} the following statements are 
equivalent: 

(1) X satisfies a2(Tk,B); 

(2) X satisfies as(Tk,B); 

(3) X satisfies ai(Tk,B); 

(4) X satisfies Si(Tk,B). 

Proof. We have to prove only (3) (4) and (4) =4* (1). 

(3) => (4): Let (U n : n € N) be a sequence of 7fc-covers of X. Enumerate 
every U n bijectively as U n = {f7 n ,m : m £ N}. For all n, m £ N define 

v^, m = f/i )m n U2, m n • • • n u nim . 

Then for each n the set V n = {V ri ^ m : m € N} is a 7fc-cover of X, because 
W n 's are 7fc-covers. By (4) applied to the sequence (V n : n € N) there is an 
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increasing sequence n\ < 112 < • • • in N and a cover V = (V^ ijTOj : i £ N) £ B 
such that for each i £ N, V n ^ mt € V ni . Put no = 0. For each z > 0, each j 
with rii< j < n i+ i and each K 1+ i,m 1+1 = ^i,m I+1 H — n f7n. i+1 , mi+1 put 

Hj = Uj iini+1 . 

For each j € N, -ffj € Wj and the set {Hj : j G N} is in $ because this set is 
refined by V which is in B. So, X satisfies S\(Fk-,B)- 

(4) =4> (1): Let (ZY n : n £ N) be a sequence of 7fc-covers of X. Suppose 
that for each n £ N, we have W n = {U ntTn : m £ N}. Choose an increasing 
sequence k% < k^ < ■ ■ ■ < k p < ■ ■ ■ of positive integers and for each n and 
each ki consider V(n, ki) := {U n ,m '■ rn > ki}. Then each V(n, ki), n, i £ N, is 
a 7fc-cover of X. Apply now (1) to the sequence (V(n, k,{) : i £ N, n £ N) from 
Tfc and find a sequence : z,n £ N) such that for each (n,i) £ N x N, 

Vn^i £ V(n, fej) and the set W := {V n ^ ■ n, i € N} € B. It is easy to see 
that W can be chosen in such a way that for each n £ N the set W n n W is 
infinite. Therefore, W witnesses for the sequence {U n : n £ N) that X has 
property a 2 (T k ,B). □ 

Notice that in a similar way one can prove that for a space X the prop- 
erties a2(r,r), a3(r,r), a4(r,r) and Si(r,r) are equivalent. 

As B. Tsaban observed |2H], the property ai(r,r) is strictly stronger 
than Si(r,r). 

3 Applications to topological groups 

Let (G, ■, t) be a topological group with the neutral element e and let B e be 
a local base at e. For each U £ B e with U ^ G define 

o(U) = {x ■ U : x £ G}, 
0(e) = {o(U) : 17 £ B e }; 
u;(U) = {F ■ U : F £ F(G)}, 
0(e) = {<j(i7) : £ B e and there is no F £ F(G) with F ■ U = G}; 

k(U) = {K ■ U : K £ K(G)}, 
lC( e ) = {k{U) :U £ B e and there is no K £ K(G) with K -U = G}. 

Then clearly, 0(e) C 0, 0(e) C O; /C(e) C K. 

In [2] (see also ^Sj, [221 ) Menger-bounded, Rothberger-bounded 
and Hurewicz-bounded topological groups have been studied. A topolog- 
ical group G is Menger-bounded {Rothberger-bounded, Hurewicz-bounded) if 
it satisfies the selection principle Si(O(e),0) (Si(0(e), 0), Si(0(e),r)). 
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We have the following results. Their proofs are similar, so we prove only 
the first of them. 

Theorem 6 For a topological group G the following are equivalent: 

(1) G satisfies a\(p,{e),T); 

(2) G satisfies Si(0(e),r); 

(3) G satisfies S\(K,{e),T). 

Proof. The implications (2) =4> (1) and (2) => (3) are obvious. 

(1) => (2): Let (U n : n G N) be a sequence of elements of B e . For each 
n G N let V n = U\ n Ui n • • • PI U n be a member of B e . If we now apply (1) 
to the sequence (V n : n G N) we find an increasing sequence n\ < ri2 < • ■ ■ 
in N and finite sets F Hi C G, i G N, so that {F ni • V nt : n G N} is a 7- 
cover of G. If no = 0, then for each positive integer n with nj_i < n < n^, 
i £ N, put .F n = F ni and ?7 n to be the n-th component in the representa- 
tion Ui H • • • PI f7 nj of Evidently, {F n ■ U n : n G N} is a 7-cover of G, 
i.e. the sequence (F n : n G N) guaranties for (C n : n G N) that G satisfies 
Si(0(e),r). 

(3) ^> (2): Let ([/ n : n G N) be a sequence of elements of B e . For each 
n pick a K € B e so that C C/ n . By (3) choose a sequence (K n : n G N) 
of compact subsets of G such that {K n ■ V n : n G N} is a 7-cover of G. 
Next, for each n pick a finite set F n in G such that K n C F n -V n . Then for 
each n we have ET ra • V n C (F n • V n ) ■ V n C F n ■ U n and one concludes that 
{F„ • U n : n G N} is a 7-cover of G. □ 

Notice that cc2(0(e),r) and a3(il(e),r) are also equivalent to the prop- 
erties listed in the theorem above. 

Theorem 7 For a topological group G the following are equivalent: 

(1) G satisfies cxi{Q,{e), T^); 

(2) G satisfies Si(fi(e),r fc ); 



(3) G satisfies Si(/C(e), T^). 
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4 cti(A,B) properties in hyperspaces 

In this section we consider Ui(A,B) properties, i = 2,3,4, in hyperspaces. 
We begin with some definitions that we need. 

For a (Hausdorff) space X by 2 X we denote the family of all closed 
subsets of X. is the collection of all non-empty compact subsets of 

X, and ¥(X) denotes the family of all non-empty finite subsets of X. If A 
is a subset of X and A a family of subsets of X, then we write 

A+ = {F G 2 X : F C A}, A + = {A + : A G A}. 

Notice that we use the same symbol F to denote a closed subset of X and 
the point F in 2 X ; from the context it will be clear what F is. 

The upper Fell topology F + on 2 X is the topology whose base is the 
collection 

{{K c ) + : K € K(X)} U {2 X }, 

while the upper Vietoris topology V + has basic sets of the form U + , U open 
in X. It is clear that (K(X), V + ) and (¥(X), V + ) are considered as subspaces 
of(2 x ,V+). 

In [7] it was shown that in (2 X , F + ) each of Arhangel'skii's a>3 and 
«4 properties is equivalent to Si(£e,£e), E G 2 X . We discuss here some 
other properties. For similar consideration see [JJ], jllj . 

Theorem & If X is a space whose all open subspaces are k-Lindeldf and 
E G 2 X , then the following statements are equivalent: 

(1) (2 X ,F+) satisfies a 4 (^ E ,^E); 

(2) (2 X ,F+) satisfies Si (Q E , Sb). 

Proof. We have to prove only (1) implies (2). Let {A n : n G N) be a 
sequence of elements of Qe- Since each open subspace of X is /c-Lindelof, 
(2 , F + ) has countable tightness (see 0], [Sj) and we may assume that for 
each n G N, A n is countable, say _4. n = {A n>m : m G N}. For each n let B n 
be the collection of all sets of the form 

A\^ mi U A2jm,2 U • • • A n ^ mn , Ai^ mi G Ai, i < n. 

Then each i3 n belongs to Qe- Apply (1) to the sequence (B n : n G N) of 
elements of He- There exist an increasing sequence n\ < ri2 < • • • in N and 
a sequence B := (B n . : i G N) G such that for each i G N, B ni G B nv 
Put no = and define the sequence (S n : n G N) in the following manner: 
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If i > 0, then for each n with < n < define S n to be 
A n ^ mn in the chosen representation of B ni+1 . 

Note that for each n £ N, S n € .4, n and evidently the sequence 5 := (£ n : 
u £ N) is an element of Eg. So, 5 is a selector for the original sequence 
(A n : n G N) showing that (2 X , F + ) satisfies (2). □ 

In what follows we shall need the following two simple lemmas. Because 
their proofs are similar we prove only the first of them. 

Lemma 9 For a space X and an open cover W o/(K(X), V + ) the following 
holds: W is an co-cover of (K(X),V + ) if and only ifU(W) := {U C X : 
U is open in X and U + C W for some W € W n } is a k-cover of X. 

Proof. Let W be an w-cover of V + ) and let K be a compact subset 

of X. Then there exists W G W such that K G W and consequently there 
is an open set U C X with K G U + C W. It is understood, U G On 
the other hand, K C U, i.e. W(W) is a /c-cover of X. 

Conversely, let U(W) be a /c-cover of X and let {-ftTi, • • • , K m } be a finite 
subset of (K(X),V + ). Then K = |J™ =1 Ki is a compact subset of X and 
thus K is contained in some U G W(W); pick W G W such that C/ + C W. 
From Ki C U for each i < m, it follows {K\, ■ ■ ■ ,K m } C U + C W which 
just means that W is an o;-cover of (K(X),V + ). □ 

Lemma 10 For a space X and an open cover VV of(¥(X), V + ) the following 
holds: W is an co-cover of (F(X),V+) if and only if U(W) := {U C X : 
U is open in X and U + C W for some W G W ra } is an co-cover of X. 

We use now the last two lemmas to prove the next two propositions. 

Proposition 11 A space X is k-Lindeloof if and only if (K(X), V + ) is co- 
Lindelof. 

Proof. Let X be a A;-Lindel6f space and let W be an w-cover of (K(X), V + ). 
By Lemma El (and notation from that lemma), U{W) is a /c-cover of X. 
Choose a countable family {Ui : i G N} C U(W) which is a k-cover of X. 
For each i G N pick W{ G W such that {/^ C Wj. Again by Lemma 
{Wi : i £ N} C W is an w-cover of (K(X),V+). 

Let us show the converse. Let W be a /c-cover of X. It is easy to check 
that IA + is an w-cover of (1C(X),V + ). Choose a countable collection {U^~ : 
i G N} C U+ which is an w-cover of (K(X),V+). Then {Ui : i G N} C U is 
a A:-cover of X, i.e. X is a A;-Lindel6f space. □ 

Similarly, by using Lemma [TUl one obtains 
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Proposition 12 A space X is uj-Lindeloof if and only if (¥(X), V + ) is u>- 
Lindeldf. 

Theorem 13 For a k-Lindeldf space X the following are equivalent: 

(1) (K(X),V+) satisfies a 2 {n,T); 

(2) (1C(X),V + ) satisfies a 3 {n,T); 

(3) (K(X),V+) satisfies a 4 {n,T); 

(4) (K(X),V+) satisfies Si (0,T); 

(5) X satisfies Si(/C, r^). 

Proof. (1) =4> (2) =>- (3) => (4) hold for any space. 

(4) (1): By Proposition [TT] the space (K(X),V+) is w-Lindel6f. It 
remains to apply Theorem [21 

(4) (5): Let (U n : n G N) be a sequence of £>covers of X. Then 
(U^ : n £ N) is a sequence of w-covers of (K(X),V + ). Indeed, fix n and 
let {Kt, ■ ■ ■ , if m } be a finite subset of K(X). Then K = K x U • • • U K m is 
a compact subset of X and thus there is U G U with K C U. This means 
that for each i < m, Ki C U, i.e. Ki eU + . Therefore {i^i, • • • , K m } C t/ + 
and W n is an w-cover of K,(X). By (4) for each n, choose an element U£ in 
U+ such that the set U+ = {U+ : n G N} is a 7-cover of (K(X),V+). We 
prove that {U n : n G N} is a 7fc-cover of X. Let K be a compact subset of 
X. Then there is no G N such that for each n > no we have K G , hence 
K C U n . It shows that {t/ n : n G N} is really a 7^-cover of X, i.e. that (5) 
holds. 

(5) =>- (4): Let (W„ : n G N) be a sequence of w-covers of (K(X),V+). 
For each n let 

W n = {U C X : U is open in X and U + CW for some G W„}. 

By Lemma El each £/ ra is a &;-cover of X. By (5) applied to the sequence 
{U n : n G N) one can find a sequence (U n : n € N) such that for each n £ N, 
U n G W n and the set U = {U n : n G N) is a 7fc-cover of X. For each U n 6W 
pick an element W n G >V n so that C W n . We claim that {W n : n G N} 
is a 7-cover of (HC(X),V + ) and so it witnesses for (W n : n G N) that (4) 
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is satisfied. Let K € K(X). Then there is no such that for each n > n$, 
K C U n , i.e. K € U+ C W n . □ 

It is not difficult to verify that in a similar way, using Proposition ^] 
and Theorem |2J one obtains the following theorem. 

Theorem 14 For an tu-Lindelof space X the following are equivalent: 

(1) (F(X),V+) satisfies a 2 (n,T); 

(2) (F(X),V+) satisfies a 3 (Q,F); 

(3) (F(X),V+) satisfies a 4 (0,r); 

(4) (F(X),V+) sate/ies Si 

(5) X satisfies Si (0, T). 
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